Application of the variational iteration method to the regularized long wave equation  by Yusufoglu, Elcin & Bekir, Ahmet
Computers and Mathematics with Applications 54 (2007) 1154–1161
www.elsevier.com/locate/camwa
Application of the variational iteration method to the regularized
long wave equation
Elcin Yusufoglu∗, Ahmet Bekir
Dumlupinar University, Art-Science Faculty, Department of Mathematics, 43100, Kutahya, Turkey
Received 28 September 2006; accepted 20 December 2006
Abstract
This paper applies the variational iteration method to the regularized long wave equation. In this method, a generalized Lagrange
multiplier is introduced to construct a correction functional for the discussed problem. The multiplier can be identified optimally
via variational theory. Three invariants of the motion are evaluated to determine the conservation properties of the system.
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Keywords: Variational iteration method; Correction functional; General Lagrange multiplier; Adomian decomposition method; Regularized long
wave equation
1. Introduction
The variational iteration method [1–7] is a powerful tool to searching for approximate solutions of nonlinear
evolution equations without requirement of linearization or perturbation. The method was first proposed by Ji-Huan
He in 1998 [1,2] and systematically illustrated in 1999 [3] and was successfully applied to various engineering
problems [8–15]. Many researchers concluded that the variational iteration method has many merits and has many
advantages over the Adomian method [8,9].
The regularized long wave (RLW) equation is one of the important nonlinear wave equations. A large number
of important physical phenomena such as shallow water waves and plasma waves [16,17] can be described by the
RLW equation. Numerical solutions based on finite difference technique [18,19], Runge–Kutta and predictor/corrector
methods [20], collocation method [21], Galerkin’s method [22,23] and Adomian decomposition method [24] were
reported in the open literature. The aim of this paper is to derive the numerical solution of the RLW equation by the
variational iteration method [3,7].
2. He’s variational iteration method
To illustrate the basic concepts of variational iteration method, we consider the following general nonlinear system
Lu(x)+ Nu(x) = g(x), (1)
where L is a linear operator part while N is the nonlinear operator part, and g(x) is a known analytic function.
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According to the variational iteration method, a correction functional can be constructed as follows
un+1(x) = un(x)+
∫ x
0
λ(Lun(ξ)+ Nu˜n(ξ)− g(ξ))dξ, (2)
where λ is a general multiplier [7], which can be identified optimally via the variational theory [7,25], the subscript,
n denotes the nth approximation, and u˜n is considered as a restricted variation [7], i.e., δu˜n = 0.
The initial guess can be freely chosen with possible unknown constants, it can also be solved from its corresponding
linear homogeneous equation
Lu0(x) = 0. (3)
3. RLW equation
The RLW equation derived for long waves propagating in the positive x-direction has the form [26]
ut + (1+ u)ux − γ uxxt = 0, (4)
where γ is a positive parameter and the subscripts x and t denote differentiation, with the boundary condition u → 0
as x →±∞.
The soliton solution of RLW equation has the form
u(x, t) = 3c sech2[p(x − vt − x0)], (5)
where
p =
√
c
4γ (c + 1) , v = c + 1, (6)
and c is a constant [26].
4. He’s variational iteration method for the RLW equation
Following the variational iteration method, its correction variational functional in the x-direction can be expressed
as follows
un+1(x, t) = un(x, t)+
∫ t
0
λ{unξ (x, ξ)+ (1+ u˜n(x, ξ))˜unx(x, ξ)− γ u˜nxxξ (x, ξ)}dξ (7)
where δu˜n is considered as a restricted variation. Making the correction functional, Eq. (7), stationary, noticing that
δu˜n = 0,
δun+1(x, t) = δun(x, t)+ δ
∫ t
0
λ{unξ (x, ξ)+ (1+ u˜n(x, ξ))˜unx(x, ξ)− γ u˜nxxξ (x, ξ)}dξ = 0 (8)
or
δun+1(x, t) = δun(x, t)+ λδun(x, ξ)|ξ=t −
∫ t
0
dλ
dξ
δun(x, ξ)dξ = 0. (9)
Eq. (9) yields the following stationary conditions
1+ λ = 0, (10)
dλ
dξ
= 0. (11)
The Lagrange multiplier, therefore, can be identified as
λ(ξ) = −1, (12)
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Fig. 1a. The behaviour of the analytic solution u(x, t) versus x for different values of time for c = 1, γ = 0.125 and x0 = 0.
and the following variational iteration formula in the t-direction can be obtained
un+1(x, t) = un(x, t)−
∫ t
0
[unξ (x, ξ)+ (1+ un(x, ξ))unx (x, ξ)− γ unxxξ (x, ξ)]dξ. (13)
5. Numerical simulation
To examine and compare the accuracy of the scheme discussed in the previous sections, some numerical
experiments will be given.
Consider the case γ = 0.125, c = 1 and x0 = 0, we start with an initial approximation
u0 = u(x, 0) = 3 sech2(x). (14)
By the above iteration formula (13), we can obtain the first two components as follows
u1 = 3 sech2(x)+ 6(1+ 3 sech2(x)) sech2(x) tanh(x)t, (15)
u2 = 3 sech2(x)+ 92 (2+ 10 sech
2 x − 15 sech4 x) sech2 x tanh x .t
+ 3 sech2 x(1+ 3 sech2 x)(2+ 15 sech2 x − 21 sech4 x)t2, (16)
and the rest of the components of iteration formula (13) are obtained using the Maple Package.
The solution of u(x, t) in closed form is given by
u(x, t) = 3 sech2(x − 2t). (17)
The obtained numerical results are summarized in Table 1. From these results we conclude that the variational
iteration method for the RLW equation gives remarkable accuracy in comparison with the exact solution (17). The
behaviour of the solution obtained by variational iteration method and the exact solution are shown for different values
of times in Figs. 1a and 1b, respectively.
Now, we consider another example letting c = 0.03, γ = 1, x0 = 0. The amplitude of the solitary wave is 0.09.
For this case the initial value problem is
ut + (1+ u)ux − uxxt = 0, u(x, 0) = 9100 sech
2
(√
309x
206
)
. (18)
The numerical solution of the initial value problem (18) was solved by the Adomian decomposition method [24].
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Table 1
Comparison between the absolute errors of the solution of the RLW equation for He’s variational iteration method (VIM) and the Adomian
decomposition method (ADM) at various values of (x, t)
t x Exact solution Numeric solution Absolute error
0.001 −5.0 0.0005425752432 0.0005431152005 5.399572032× 10−7
−2.5 0.07946245674 0.07951061559 0.000048158885000
0.0 2.999988000 2.999952000 0.00003600000000
2.5 0.0800912881 0.8004315516 0.00004897365530
5.0 0.0005469328566 0.0005463863686 5.464881773× 10−7
0.002 −5.0 0.0005404094721 0.0005414828911 0.000001073419153
−2.5 0.07914945435 0.07924496178 0.00009550744000
0.0 2.999952001 2.999808000 0.0001440010000
2.5 0.08040880776 0.08031004114 0.00009876663000
5.0 0.0005491247682 0.0005480252269 0.000001099541211
0.003 −5.0 0.0005382523449 0.0005398527652 0.000001600420356
−2.5 0.07883766831 0.07897971845 0.0001420501450
0.0 2.999892003 2.999568000 0.0003240030000
2.5 0.08072672151 0.08057733810 0.0001493834200
5.0 0.0005513254644 0.0005496662687 0.000001659195510
0.004 −5.0 0.0005361038280 0.0005382248225 0.000002120994337
−2.5 0.07852709388 0.07871488550 0.0001877916100
0.0 2.999808009 2.999232000 0.0005760090000
2.5 0.08104587477 0.08084504614 0.0001493834200
5.0 0.0005535349782 0.0005513094939 0.000002225484421
0.005 −5.0 0.0005339638866 0.0005365990628 0.000001600420356
−2.5 0.07821772659 0.07845046278 0.0002327361700
0.0 2.999700022 2.998800000 0.0009000220000
2.5 0.08136627222 0.08111316539 0.0002531068284
5.0 0.0005557533474 0.0005529549018 0.000002798445264
0.01 −5.0 0.0005233916154 0.0005285030108 0.000005111395095
−2.5 0.07668883740 0.07713449858 0.0004456611800
0.0 2.998800318 2.995200000 0.003600318000
2.5 0.08298708768 0.08245993404 0.0005271536400
5.0 0.0005669792487 0.0005612146907 0.000005764558146
Fig. 1b. The behaviour of u2(x, t) is evaluated by the variational iteration method versus x for different values of time and for c = 1, γ = 0.125
and x0 = 0.
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Fig. 2. The single solitary wave at t = 0.003, c = 0.03, γ = 1, x0 = 0.
Using the iteration problem (13) the first two components are evaluated as
u1 = 9100 sech
2
(√
309x
206
)
+ 9
√
309
1030000
[
100 sech2
(√
309x
206
)
+ 9 sech4
(√
309x
206
)]
tanh
(√
309x
206
)
t, (19)
u2 = 9100 sech
2
(√
309x
206
)
+ 9
√
309
42436000
[
4240 sech2
(√
309x
206
)
+ 54 sech4
(√
309x
206
)
− 81 sech6
(√
309x
206
)]
tanh
(√
309x
206
)
t
+ 27
412000000
sech2
(√
309x
206
)[
100+ 9 sech2
(√
309x
206
)][
200− 246 sech2
(√
309x
206
)
− 63 sech4
(√
309x
206
)]
t2, (20)
and the remaining components are obtained using the Maple Package. Due to the length of expression, the value of
u3(x, t) and u4(x, t) are not given.
The closed form solution of u(x, t) is given by
u(x, t) = 9
100
sech2
(√
309
206
x −
√
309
200
t
)
. (21)
The profile of the solitary wave at t = 0.003 given in Fig. 2 is indistinguishable from the exact solution owing to
the smallness of the absolute error norm. He’s variational iteration method (VIM) and the Adomian decomposition
method (ADM) [24] are compared in Table 2 for various values of (x, t).
For the RLW equation there are only three conservation laws, corresponding to conservation of mass, momentum
and energy, for the periodic boundary conditions; they are [27]
I1 =
∫ b
a
udx, (22)
I2 =
∫ b
a
(u2 + γ u2x )dx, (23)
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Table 2
Comparison between the absolute errors of the solution of the RLW equation for He’s variational iteration method (VIM) and the Adomian
decomposition method (ADM) at various values of (x, t)
t x ADM VIM
2.5 −25 1.38883× 10−7 1.0899674× 10−7
−15 2.13613× 10−6 1.6348565× 10−6
−5 3.56954× 10−5 3.1805316× 10−5
5 1.88346× 10−6 1.1440380× 10−6
15 8.49749× 10−6 7.7143229× 10−6
25 8.66125× 10−7 9.9917514× 10−7
I3 =
∫ b
a
(u3 + 3u2)dx . (24)
In a third numerical experiment we take c = 0.1, γ = 1, x0 = 0 through the interval [−40, 60]. The amplitude of
the solitary wave is 0.3.
In this case the initial value problem for the RLW equation will be as follows
ut + (1+ u)ux − uxxt = 0, u(x, 0) = 310 sech
2
(√
11
22
x
)
. (25)
We start with an initial approximation u0 = u(x, 0) = 310 sech2
(√
11
22 x
)
; by the iteration formula (13), we can
obtain the first few components as follows
u1 = 310 sech
2
(√
11
22
x
)
+ 3
√
11
110
[
1+ 3
10
sech2
(√
11
22
x
)]
sech2
(√
11
22
x
)
tanh
(√
11
22
x
)
(26)
u2 = 310 sech
2
(√
11
22
x
)
+ 9
√
11
4840
[
16 sech2
(√
11
22
x
)
+ 2 sech4
(√
11
22
x
)
− 3 sech6
(√
11
22
x
)]
tanh
(√
11
22
x
)
t
+ 3
44000
sech2
(√
11
22
x
)[
10+ 3 sech2
(√
11
22
x
)][
20− 12 sech2
(√
11
22
x
)
− 21 sech4
(√
11
22
x
)]
t2 (27)
and the remaining components of the iteration formula (13) can be obtained similarly using the Maple Package.
The solution of u(x, t) in a closed form is
u(x, t) = 3
10
sech2
(√
11
22
x −
√
11
20
t
)
. (28)
Since the profile of the solitary wave at t = 0.002 is indistinguishable from the exact solution (28), we give only
the solitary solution in Fig. 3. The error norm L2 and invariants I1, I2 and I3 have been determined and recorded in
Table 3.
Now, we consider the motion of a single solitary wave with c = 0.3, γ = 1, x0 = 40 through the interval [0,80]. The
amplitude of the solitary wave is 0.9. In this case we have an initial condition in the form u(x, 0) = 910 sech2
(√
39
26 x
)
.
According to (5) the solution of u(x, t) is u(x, t) = 910 sech2
(√
39
26 x −
√
39
20 t
)
. The behaviour of the solutions obtained
for t = 0.004 by the variational iteration method is shown in Fig. 4. The error norm L2 and invariants I1, I2 and I3
have been determined and recorded in Table 4.
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Fig. 3. Single solitary wave at t = 0.002, c = 0.1, γ = 1, x0 = 0.
Table 3
Invariants for single solitary wave amplitude = 0.3, γ = 1, x0 = 0 and [−40, 60]
t I1 I2 I3 L2-error
0.001 3.979926682 0.8104624910 2.579007427 2.863089662× 10−17
0.002 3.979926689 0.8104624819 2.579007397 5.961251654× 10−16
0.003 3.979926697 0.8104624665 2.579007346 3.007581135× 10−15
0.004 3.979926704 0.8104624451 2.579007275 9.392654726× 10−15
0.005 3.979926712 0.8104624175 2.579007184 2.310954834× 10−13
0.01 3.979926749 0.8104621879 2.579006426 3.714393625× 10−13
Fig. 4. Single solitary wave at c = 0.3, x0 = 40, γ = 1 and t = 0.004.
6. Conclusion
In this paper, the variational iteration method has been successfully applied to finding the solution of the RLW
equation. This method solves the problem without any need to discretize the variables. Therefore, it is not affected by
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Table 4
Invariants for single solitary wave amplitude = 0.9, γ = 1, x0 = 40 and [0, 80]
t I1 I2 I3 L2-error
0.001 7.493997531 4.703924427 16.72660177 2.678141412× 10−13
0.002 7.493997531 4.703923771 16.72659914 4.334164620× 10−12
0.003 7.493997531 4.703922677 16.72659477 2.190816649× 10−11
0.004 7.493997531 4.703921146 16.72658865 6.926850399× 10−11
0.005 7.493997531 4.703919177 16.72658079 1.690598655× 10−10
0.01 7.493997531 4.703902769 16.72651523 2.706083859× 10−9
computation round-off errors and one does not face the necessity of large computer memory and time. This method is
useful for finding an accurate approximation of the exact solution.
The results show that the variational iteration method is a promising method to solve nonlinear equations. In our
work, we made use of the Maple Package to calculate the series obtained from the variational iteration method.
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